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ABSTRACT: Statistics on a random-flight chain which is bound on or near an impermeable, noninteracting planar 
surface with one end or both ends were developed. Probability densities of finding a given number of segments a t  re- 
spectively specified locations were obtained as functions of the location(s) of end segment(s). From these functions 
some new information about the conformational properties of flexible polymers near the surface was derived such 
as overall density distribution of segments and moments of segment distribution about the end segment and about 
the center of mass, all as functions of the location(s) of end segment(s). As for the so-called “tail” chain, the first- 
order coefficient of the perturbation theory of excluded-volume effects concerning the mean-square end-to-end dis- 
tance was also derived. 

The statistics of random flights near impermeable sur- 
faces are important in understanding the behavior of flexible 
polymer molecules under various situations such as adsorption 
onto interfaces, stabilization of colloidal dispersions, partition 
equilibrium in gel permeation chromatography, and two- 
phase formation in crystalline polymers and in block co- 
polymers. In particular, random-flight chains attached on a 
flat surface with one end (“tail” chain) or both ends (“loop” 
chain) are important as the simplest models. For these models 
the probability densities f ,  (2,) of finding the i th segment of 
a chain with size n a t  a normal-to-surface distance 2, have 
been obtained by Hoeve,’ Meier,2 and Hesselink,3 and the 
overall density distribution of segments has been calculated.3 
Recently, Lax4 examined the effects of volume exclusion be- 
tween segments on the function fn  (Z,)  by a method of exactly 
enumerating the number of self-avoiding walks on a lattice. 

In this paper we also deal with a random-flight chain near 
a planar surface. We first formulate the conditional proba- 
bility densities Pn (&, Z,, zk, . . .) of finding series of segments 
(i, j ,  k ,  . . .) a t  respective positions (ZL, Z,, Zk, . . .), when the 
chain is bound at  given distance(s) from the surface with one 
end (“taillike” chain) or both ends (“looplike” chain). This 
generalization enables us to calculate various quantities of 

interest such as overall density distribution of segments as a 
function of the distance(s) of the end segment(s) from the 
surface, moments of segment distribution about the end 
segment and about the center of mass, and coefficients of 
perturbation theory of excluded-volume effects. The moments 
are important especially when we deal with radiation scat- 
tering from such molecules. The perturbation theory offers 
another approach to the excluded-volume problem. Some 
results on these points will be given below. 

Formulation 
Consider a random-flight chain with n + 1 segments (size 

n) serially numbered from 0 to n. Assuming an impermeable, 
noninteracting plane at  2 = 0 of orthogonal coordinate system 
(X, Y,  Z ) ,  we can write the conditional probability density 
P, (Z,/Zo) of finding the last (nth) segment at  2, with the first 
(0th) segment fixed a t  20 1 0,  ass,* 

Pn (z,/Zo) = K i  bp[-Pon ( 2 0  - Zn)’] 
- exp[-Pon(Zo + Zn)211 (1) 

K1 = (Pon/?r)l/2/erf(Pon l/zZo) (2) 

Here K1 is the normalization constant given by 
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Ppq = 3/[2(9 - p)b21, p < q (3) 

erf(x) = (2/r1l2) exp(-t2) dt (4) LX 
with b2 being the mean-square segment length. Henceforth, 
we refer to such a chain as a "taillike" chain. A "tail" chain is 
a special case where 2 0  = 0, i.e., the 0th segment is bound on 
the surface. 

Analogously the bivariate conditional probability density 
P,(Z,, Z,/Zo) of finding the i- and nth segments at 2, and Z,, 
simultaneously, with the 0th segment fixed a t  20 can be 
written as 

Pn(zt, zn/zd = KzP,(Z,/Zo)(exp[-P,,(Zt - Zn)'] 
- exp[-Ptn(Z, + zn)211 (5) 

where P, (Z,/Zo) refers to a chain with size i, and the normal- 
ization factor Kz is obtained by integrating eq 5 with respect 
to 2, over 2, = 0 to m and comparing the result with eq 1. 
Proceeding in this manner, we obtain the conditional proba- 
bility density of any order as below: 

Pn (z,, 21, . . z m ,  zn/z,) 

= [erf(Po, '/2Zo)I-1(Q~,Ql~ . . .Qmn)  (6) 

Qpy = (Ppy/~~1~21ex~[-Pp, (Zp - Z,)21 
- exp[-PP,(Zp + Zy)211 (7) 

( p  < q )  = (0 < i  < j  < .  . . < m  < n )  

In particular, defining the function f, as 

f n  = lim P, 
zo-0 

then we have 

fnttail(Z0 zj, z k ,  . . ., zm, 2,) 
= 2 P 0 n - ' / ~ P 0 i ~ / ~ z i  exP(-Poizi2)(QijQjk. . . Qmn)  (9) 

Equations 6 and 9 are the normalized probability densities of 
taillike and tail chains, respectively. When the position of the 
nth segment is not specified, we find on integration of eq 6 and 
9 with respect to 2, that Qmn in those equations are to be re- 
placed with erf(Pmn 1/2Zm). 

The corresponding expression for "looplike" chains with 
the first and last segments fixed a t  2 0  and 2, (both ZO), re- 
spectively, is given as 

Pn(Zi, z,,. . Zm/ZO, Z n )  = Pn(Zi, 2,). . ., Z m ,  Zn/Z,)/ 
Pn(zn/zo) = (QoiQij. . . Qmn)/Qon (10) 

Again, letting 2 0  - 0 and 2, - 0, we have 

f n , l o o p ( Z i ,  zj, z k ,  . . ., 21, zm) 
= (4/*'/2)(P~iPmn/P~n )3/2[zi exp(-PoiZi2)l 

X ( Q i j Q l k . .  . Qlm)[Zm ex~(-PmnZm~)I (11) 

for the normalized probability density of loop chains. 
Expressions equivalent to fn,tail(Zi) andf,,l,,,(Zi) have been 

obtained by Hesselink3 and by Hoeve,' respectively, through 
a somewhat more complicated procedure based on a lattice- 
walk model. 

Overall Density Distribution of Segments 

chains, p n  (Z/Zo),  normalized to unity is given as 
The overall density distribution of segments of taillike 

Pn ( Z / ~ O )  = ( n  + 1 I-' CPn (Zi/Zo) (12) 

Putting eq 6 into eq 12, converting the summation to an in- 
tegral, and setting Zi = Z for all i, we have 

i 

Pn (z/Zo) = (Pon/*)'/'[(n + 1) erf(Pon '/2Z0)]-1 

x S," erf(Pin'/2Z)(exp[-Poi(Zo - 2121 

- exp[-Pol(Zo + Z)211 di (13) 

This integration can be performed through the Laplace 
folding operation to give 

p n  (Z/Z,) = [2@l/z/erf(p1/2Zo)] [PI erf(p1) 
+ ~2 erf(pz) - p 3  erf(p3) - p4 erf(p4) 

p1 = p ' / z p  - 201, p z  = @ ' / 2 ( 2 2  + 2,) 

+ r-1/2(e-P12 + e-pz2 - e-P:j2 - e-~4 ' ) ]  (14) 

p:1 = P'/2(Z + ZO), p4 = P1/2(IZ - 2 0 1  + 2) 

where, henceforth, /3 = PoQ = 3/(2nb2).  For 2 0  - 0, eq 14 
converges to the distribution of tail chains given previ- 

pn,tai1(Z) = 2(~P) ' /~[er f (2P ' /~Z)  - erf(P1/2Z)] (15) 

The density distribution of looplike chains p, (Z/Z,, 2,) can 

0Usly;:l 

be calculated similarly. The result is 

Pn (z/zo, z n )  = (P/Qon)[erf(ql) 
+ erf(qd - erf(q3) - erf(q4)I (16) 

41 = P1'2((Z - 201 + z + 2,) 

q 2  = p q l z  - 2, I + z + 2,) 

q3=P1/2(Iz-zo( + I z - Z n I )  
q4 = P'/2(2Z + 2, + 2,) 

Again, for 20 - 0 and 2, - 0, we have 

Pn,loop(Z) = 8Pz exp(-4PZ2) (17) 

for the distribution of loop chains.3 
In Figures 1 and 2 respectively eq 14 and 16 are plotted 

against Z for a few values of 20 (= Z,, for looplike chains). As 
20 increases from zero, both pn (Z/Z,) and p n  (Z/Z,, 2,) ap- 
parently become somewhat sharper than the Zo = 0 curves, 
as indicated by the peak heights. With further increase of 2 0 ,  

both curves become broader again approaching the symmet- 
rical curves for the free chains.6 Very crudely, the curves be- 
come almost indistinguishable from those of the free chains 
for 20 > l .0(nb2)1~z (for taillike chains) and 20 > 0.7(nb2)'/' 
(for looplike chains). 

Moments of Segment Distribution 

distribution about the first segment are given by 
The first and second moments (2 )  (0)  and ( Z2) (0)  .of segment 

(z)co) = J m  (2 - ZO)pn(Z) dZ (18) 

with pn given by eq 14 and 15 for taillike chains and by eq 16 
and 17 for looplike chains. Analytical results of the above in- 
tegrations are not given here due to their complexity. In Fig- 
ures 3 and 4, ( Z ) ( o )  and (Z2)(0) are plotted against 20 for 
taillike chains and looplike chains (with 20 = Z ) ,  respectively. 
For both models, the first moment ( 2 )  (0)  naturally decreases 
monotonously to zero with increasing 20, while the second 
moment ( Z 2 )  (o) decreases at  first and, going through a mini- 
mum, increases to approach the value for the free chain. 

The second moment ( Z 2 ) ( ~ ,  about the center of mass is 
given by 
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Figure 1. Overall density distribution of segments of taillike chains, 
p,(Z/Zo), vs. normal-to-surface distance 2. The first segment is fixed 
a t  ZO as indicated in the figure; /3 = 3/(2nb2) 

0.5 Loop-Like Chain 
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61'2 z 

Figure 2. Overall density distribution of segments of looplike chains, 
on (Z/Z,, Zn) ,  vs. normal-to-surface distance 2. The first and last 
segments are fixed a t  ZO (=Z,) as indicated in the figure; p = 3/ 
(2nb2). 

X (Zi - Z;)'P,(Zi, Zj) dZ; dZJ (20) 

with P, given by eq 6 and 9 for taillike chains and by eq 10 and 
11 for looplike chains. Converting the summations to integrals 
and carrying out the quadruple in t eg ra t i~n ,~  we have the re- 
sults shown in Figures 3 and 4. Again, we have chosen the case 
of Zo = 2, for looplike chains. I t  can be seen that with both 
models ( Z 2 ) , ~ ,  goes through a minimum. The behavior of 
( Z 2 )  ( G )  and ( Z2) ( 0 )  corresponds to the before-mentioned 
sharpening effect of the density distribution curves in an in- 
termediate range of 2 0 .  

The mean-square radius of gyration ( S 2 )  of taillike chains 
is obtained by summing ( Z z )  ( G )  and the other two components 
( X 2 ) ( ~ )  and ( Y 2 ) ( ~ ) ,  both being nb2/18. The maximum and 
minimum values of (S2) are: ( S 2 ) / ( S 2 ) f  = 1.029 (2, = 0 )  and 
0.955 (20 - 0.73(nb2)1/2), respectively, where (S2) f  (=nb2/6) 
is the value for the free chain. The corresponding ratios of the 
mean-square end-to-end distances ( R 2 ) l ( R z ) ,  are 413 (2, = 
0)  and 0.914 (20 = 0.74(r~b~)~/~), respectively, showing that 
the chain can be significantly elongated (for small ZO) or 
contracted (for an intermediate range of 20) due to the barrier, 

l \  

0 1 2 3 

f31'%o 

Figure 3. First and second moments, (Z)c,l)  and ( Z 2 ) ( o ) .  about the 
first segment, and second moment (Z2) ( ( ; l  about the center of mass 
of taillike chains vs. normal-to-surface distance of the first segment 
ZO; p = 3/(2nb2).  Figure attached to each curve is the limiting value 
for 20 = m (i.e., a free chain). 
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Figure 4. First and second moments, (Z),,,) and (Z2 ) !0 ) ,  about the 
first segment, and second moment (Z2)((;) about the center of mass 
of looplike chains vs. normal-to-surface distance ZU (=Z,) of the first 
(and last) segment; p = 3/ (2nb2) .  Figure attached to each curve is the 
limiting value for Z!, = 2, = (Le., a free ring chain). 

even though the value of ( S 2 )  is nearly insensitive to such 
effects. A similar conclusion is obtained for looplike chains. 
Thus, ( S 2 ) / ( S 2 ) ,  is close to unity for any 20 for a chain ter- 
minally bound on or near, for example, the outside surface of 
a sphere, whereas the ratio for a chain bound to the inside 
surface would become considerably smaller than unity in 
certain cases. 

The information obtained in this section should be useful8 
when, for example, one deals with the radiation scattering 
from colloidal dispersions such as block copolymer mi- 
celles.9 
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First-Order Perturbation Theory. End-to-End 
Distance of Tail Chain 

The first-order coefficient C1 of the perturbation theory of 
excluded volume effects concerning the mean-square end- 
to-end distance ( R 2 )  is given bylo 

C1 = ( 2 ~ b ~ / 3 ) ~ / ~ / [ ( R ~ ) o ( n  + 1)1/2] 

X C R2[P(Oij)P(R) - P(Oi,, R)]  d R  (21) 
1 <J 

where ( R 2 ) o  (=4nb2/3, for the tail chain) is the unperturbed 
dimension, and P(O,,, R), for example, is the probability 
density that the vector distance between the i- and j t h  seg- 
ments is zero and the end-to-end vector is R, simultaneously. 
Expressing eq 21 in an orthogonal coordinate system, applying 
eq 9 to the 2 components of the probability functions, and 
carrying out the rather lengthy integration with respect to the 
coordinates, we have the following expression for the tail 
chain; 

1 

Converting the summations to integrals, we arrive at7 

a2 = ( R 2 ) / ( R 2 ) o  = 1 + C ~ Z  + . . . 
C1 = 1.26 (23) 

where z is the usual excluded-volume parameteralo 
The value of C1 is slightly smaller than the corresponding 

value of 4/3 for the free chain,1° indicating that the ex- 
cluded-volume effect is less significant in the tail chain. This 
would correspond to the fact that the tail chain is more elon- 
gated than the free chain, thereby resulting in a smaller chance 
of mutual interference of segments. However, the difference 
is trivial a t  least for small z .  For large z ,  it might be of some 
significance to convert eq 23 to a third-power type equation 
following the method of Fixman.ll The result is 

a3 - 1 = 1.892 (24) 

Through comparison of eq 24 with the corresponding equation 
for the free chain,” i.e., a3 - 1 = 22, we can estimate that the 
difference in a2 is less than a few percent even for z as large 
as 10. 

From the above and before-mentioned implication, it is 
expected that the coefficient C1 for a taillike chain would be 
slightly larger than that for the free chain in a certain range 
of 20. This difference should be trivial as well. I t  is also pos- 
sible to make similar calculations on, for example, the mean- 
square radius of gyration ( S 2 ) .  However, in view of the fact 
that ( S 2 )  is less sensitively influenced by the barrier than 
( R 2 ) ,  the difference between the taillike chain and the free 
chain should be less significant in ( S 2 )  than in ( R 2 )  as for the 
excluded-volume effects also. Thus, for most purposes, the 
excluded-volume effects in taillike chains may be adequately 
taken into account by multiplying the segment length b by yf, 
which is the expansion factor for the corresponding free chain 
concerning the quantity in question. The situation is different 
for looplike chains, in which segments are more densely pop- 
ulated than in taillike chains. However, if we choose a suitable 
chain (a circular chain, for example) as the reference, the same 
conclusion might apply. 
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